We report our theoretical results on the order parameters for the pyrochlore metal Cd2Re2O7, which undergoes enigmatic phase transitions with inversion symmetry breaking. By carefully examining active electronic degrees of freedom based on the lattice symmetry, we propose that two parity-breaking phases at ambient pressure are described by unconventional multipoles, electric toroidal quadrupoles (ETQs) with different components, x 2 − y 2 and 3z 2 − r 2 , in the pyrochlore tetrahedral unit. We elucidate that the ETQs are activated by bond or spin-current order on Re-Re bonds. Our ETQ scenario provides a key to reconcile the experimental contradictions, by measuring ETQ specific phenomena, such as peculiar spin splittings in the electronic band structure, magneto-current effect, and nonreciprocal transport under a magnetic field.
Introduction.-The spin-orbit coupling in crystals with the lack of spatial inversion symmetry, dubbed the antisymmetric spin-orbit coupling (ASOC), has attracted great interest in condensed matter physics. It is a source of intriguing phenomena, such as Dirac electrons at the surface of topological insulators [1, 2] , the spin Hall effect [3, 4] , multiferroics [5] [6] [7] , and noncentrosymmetric superconductivity [8] . Such ASOC-related physics has been found in a variety of materials irrespective of insulators (semiconductors) [9] [10] [11] [12] and metals [13] [14] [15] [16] in p-, d-, and f -electron systems. Thus, the ASOC is highly expected to bring a new route toward applications to next-generation electronics and spintronics devices [17, 18] .
Of special interest is to control the ASOC by spontaneous inversion symmetry breaking in electronic degrees of freedom. Such parity breaking can generate odd-parity multipoles, e.g., magnetic quadrupoles (MQs) and electric octupoles (EOs) [19] [20] [21] [22] [23] [24] [25] [26] . They provide a fertile ground for exploring new types of multipole orders [27] [28] [29] [30] [31] [32] [33] [34] and unconventional superconductivities [35] [36] [37] [38] . The pyrochlore oxide Cd 2 Re 2 O 7 is a prototype compound for such spontaneous inversion symmetry breaking in the presence of the strong spin-orbit coupling [30, 39] . The system exhibits a surprisingly complex phase diagram while changing temperature and pressure, including a collection of spontaneously parity-breaking phases [40] [41] [42] [43] . In addition, among many pyrochlores, it is the only superconductor thus far [44] [45] [46] [47] [48] . The superconducting state also shows unconventional behavior under pressure, presumably due to the spontaneous parity breaking [35, 36, 40] .
At ambient pressure, Cd 2 Re 2 O 7 undergoes a continuous structural phase transition at T s1 ∼ 200 K, from the centrosymmetric cubic phase with Fd3m symmetry (phase I) to the noncentrosymmetric tetragonal one (phase II). As the tetragonal lattice distortion is very small, which was evaluated at most 0.05% [49] , the transition is considered to be of electronic origin. However, the space-group symmetry in the phase II is still controversial; it was identified as I4m2 by the single-crystal X-ray diffraction (XRD) [49, 50] , powder neutron diffraction [51] , convergent electron diffraction (CED) [52] , Raman spectroscopy [53] , nonlinear optics [54] , and polarizing microscope image (PMI) [55] , while the recent nonlinear optical measurements indicated further symmetry reduction to I4, I4m ′ 2 ′ , or I4m ′ 2 [34, 56, 57] . Moreover, another structural transition to the phase III occurring at T s2 ∼ 120 K is also controversial; the single-crystal XRD [50, 58] , CED [52] , and PMI [55] measurements indicated a first-order transition to I4 1 22, while the nonlinear optical measurements indicated the absence of the phase transition [54] . Toward comprehensive understanding of the rich physics by spontaneous parity breaking and emergent ASOC in this compound, it is desired to resolve the experimental contradictions and clarify the origin of the enigmatic phase transitions.
In this Letter, we investigate what types of electronic instability can occur in the spin-orbit coupled metal Cd 2 Re 2 O 7 at ambient pressure from the viewpoint of odd-parity multipoles. Relying on the lattice symmetry by the single-crystal XRD [50] , we here concentrate on odd-parity multipoles with E u symmetry [59] . We find that the order parameters in the phases II and III are described by electric toroidal quadrupoles (ETQs) in the tetrahedral unit of the pyrochlore structure with different components of x 2 −y 2 and 3z 2 −r 2 , respectively. We show that spontaneous bond or spin-current ordering on ReRe bonds is essential to induce the ETQs. We also present how to detect the ETQs in experiments by elucidating ETQ-driven phenomena, such as the spin-split Fermi surface, magnetocurrent (MC) effect, and nonreciprocal transport (NRT) in an applied magnetic field.
Symmetry argument.-First, we discuss the candidates of order parameters for the phases II and III in Cd 2 Re 2 O 7 from a symmetry point of view. In order to describe the electronic degrees of freedom in crystals, we introduce four types of multipoles: conventional electric (E) and magnetic (M) multipoles (polar and axial tensor, respectively), and unconventional electric toroidal (ET) and magnetic toroidal (MT) multipoles (axial and polar tensor, respectively). They have different parity for spatial inversion (P) and time-reversal (T ) operations; with respect to (P, T ), E multipole Q lm has the parity [(−1)
, where l and m are the orbital and magnetic quantum numbers, respectively (−l ≤ m ≤ l) [60, 61] . Hence, the types of symmetry breakings are systematically characterized by four types of multipoles with the different rank l. Hereafter, we use the notations for monopole (l = 0), dipole (l = 1), quadrupole (l = 2), and octupole
) for E, M, ET, and MT, respectively, where X = Q, M , G, and T , and u = 3z 2 −r 2 and v = x 2 − y 2 [60] . The odd-parity order parameters are characterized by odd-rank E (MT) multipoles and even-rank ET (M) multipoles in the presence (absence) of the time-reversal symmetry.
We classify the odd-parity multipoles in Table I , up to the rank l = 3 with respect to the irreducible representation of the cubic O h group in the phase I. We also present the space subgroup symmetry for each odd-parity multipole within the symmetries supported by the XRD results [50] . Since the XRD measurements [50] indicate that the space group symmetries in the phases II and III are I4m2 and I4 1 22, respectively, and since Cd 2 Re 2 O 7 is most likely nonmagnetic (timereversal even) [62] , we deduce that the primary order parameters are the ETQs with different components: G v for the phase II and G u for the phase III. In the following, we examine what types of electronic instability can induce the two ETQs from a microscopic point of view.
Electric toroidal quadrupoles.-Next, in order to clarify how the ETQs are activated in electronic degrees of freedom, we perform a microscopic analysis based on the tight-binding model. While Cd 2 Re 2 O 7 is a multi-orbital system with relevant t 2g orbitals for 5d electrons [63] [64] [65] , we consider an effective single-orbital model and concentrate on the geometrical effect from the pyrochlore structure composed of the tetrahedron unit. An extension to multi-orbital models is straightforward by supplementing additional symmetry operations for atomic orbitals at each site. The Hamiltonian for the effective tight-binding model is given as
where c † kiσ (c kiσ ) is the creation (annihilation) operator for wave vector k, sublattice i =A-D, and spin σ. Here, the positions of the four sublattice sites within the tetrahedral unit cell are defined by r A = (0, 0, 0), r B = (a/4, a/4, 0), r C = (a/4, 0, a/4), and r D = (0, a/4, a/4) [see Fig. 1 (a); we set a = 1 as the unit of length]. The four sublattice degree of freedom is described by the product of two Pauli matrices ρ α and τ β ; ρ α spans A-B and C-D, and τ β spans (AB)-(CD). σ γ describes 2 × 2 spin space. f S αβγ (k) and f A αβγ (k) are symmetric and asymmetric form factors with respect to k, which are related with even and odd-parity multipoles, respectively. Note that Eq. (1) includes all possibilities of symmetrybreaking mean fields.
As the Hamiltonian in Eq. (1) is an 8 × 8 matrix denoted by the direct product of three Pauli matrices, ρ α τ β σ γ , the total number of independent electronic degrees of freedom is 8 × 8 × 2 = 128, where the factor 2 comes from symmetric or antisymmetric nature with respect to k, i.e., f S αβγ and f A αβγ . The 128 electronic degrees of freedom are categorized into the 16 onsite potential types, 96 nearest-neighbor (NN) bond types, and 16 third neighbor bond types. Among them, we neglect the 16 onsite potential-type order parameters, as they do not break spatial inversion symmetry. We also exclude the 16 third-neighbor bond types because their amplitudes are usu-ally smaller than the NN ones. For the remaining 96 NN bond types, we try to elucidate how they activate the ETQs.
Let us first consider the ETQs without spin degree of freedom. In the spinless subspace, the number of electronic degrees of freedom about the NN bond type is reduced to 24. They are decomposed into the irreducible representations (A
), where the superscripts + and − represent timereversal even and odd, respectively. From the decomposition, we find that six types of NN bond modulations can induce odd-parity multipoles of time-reversal even: EO Q xyz , two ETQs (G u , G v ), and three E dipoles (Q x , Q y , Q z ) (see Table I ). This indicates that the ETQs G u and G v , which we identified as the order parameters in Cd 2 Re 2 O 7 , can be activated through spontaneous bond orderings (BO). By taking an appropriate linear combination of f A αβγ (k)ρ α τ β σ γ [66] , we obtain the microscopic expressions for the ETQs as
where s µ = sin(k µ /4) and c µ = cos(k µ /4) (µ = x, y, z), and δ represents the degree of bond distortions, which corresponds to the order parameter amplitude. The bond modulations are schematically shown in Note that each atomic site is no longer the inversion center in these states, reflecting the odd parity of G u and G v . We list the number of modes (independent order parameters) in the BO states in Table I .
We next discuss the ETQs with spin degree of freedom. As spins are time-reversal odd, the odd-parity multipoles of timereversal even are constructed by combining the Pauli matrix σ γ and the above spinless odd-parity multipoles with timereversal odd, i.e., the MT dipoles (MTD) (T x , T y , T z ) belonging to T − 1u and MQs (M yz , M zx , M xy ) belonging to T − 2u , as shown in Table I . By regarding σ γ as an axial M dipole belonging to T − 2g , the odd-parity multipoles of time-reversal even in the spinful case are obtained in the irreducible representations of (T
. Consequently, we find four types of active ETQs, 2E + u , whose microscopic expressions are represented by
where the superscript σ denotes that the ETQs have spin dependence; (T x , T y , T z ) and as [66] T
The ETQs in Eqs. (4)- (7) are also activated through a bondorder type instability as those in the spinless case in Eqs. (2) and (3). However, they originate from asymmetric modulations of time-reversal-odd imaginary hoppings in the spindependent form, which can be regarded as spin-current orders (SCOs). In Fig. 2 , we exemplify the MTD T z [Eq. (10)] and MQ M xy [Eq. (13) ], in which the arrows on each bond represent the imaginary hoppings [67] . This type of SCO has been studied in the context of spontaneous topological Mott insulators [68, 69] . We list the number of modes in the SCO state in Table I . Secondary order parameters.-As direct observation of ETQs is rather difficult, we discuss what types of multipoles are additionally induced as the secondary order parameters under the ETQ orders from symmetry arguments [61] . In the phase II with I4m2 (D 2d ) symmetry, since A 2u reduces to symmetric representations A 1 , the odd-parity EO Q xyz is induced as a secondary order parameter. Meanwhile, in the phase III, the odd-parity ET monopole (ETM) G 0 (timereversal even pseudoscalar) is induced as a secondary order parameter, since A 1u reduces to symmetric representations under the I4 1 22 (D 4 ) symmetry. Furthermore, in both phases II and III, since E g reduces to symmetric representations A 1 ⊕ B 1 , the even-parity E quadrupole (EQ) Q u is induced as a secondary order parameter. The observation of these secondary order parameters can be indirect evidences of the ETQ orders. For instance, ultrasound and magnetic torque measurements may detect the EQ.
ETQ-driven phenomena.-For further identification of the ETQs, we discuss physical phenomena driven by the ETQ orderings. As the ETQs break spatial inversion symmetry, the MC αxx = −αyy NRT σxxxx = −σyyyy, σxxyy = −σyyxx, σxyyx = −σyxxy, σxxzz = −σyyzz, σxzzx = −σyzzy, σzzxx = −σzzyy, σzxxz = −σzyyz Phase III op1: Gu (ETQ), op2: G0 (ETM), Qu (EQ) MC αxx = αyy, αzz NRT σxxxx = σyyyy, σxxyy = σyyxx, σxyyx = σyxxy, σxxzz = σyyzz, σxzzx = σyzzy, σzzxx = σzzyy, σzxxz = σzyyz, σzzzz band structures in both phases II and III exhibit spin splitting as the Rashba metals [30, 56] . The origin of such spin splitting is the ASOC induced by the ETQ orderings. The functional form of the ASOC is derived by considering the active odd-parity multipoles belonging to symmetric representations in their space groups [61, 70] ; namely, G v and Q xyz in the phase II, and G u and G 0 in the phase III. In particular, the odd-parity multipoles with rank 0-2 lead to the ASOC in the first order of k [61] . The resultant functional forms of the ASOC for the phases II and III are given by
respectively, where c 1 and c 2 are appropriate constants proportional to the order parameter amplitude δ. The spin polarizations on the spin-split Fermi surface are schematically shown for the phases II and III in the lower pictures of Figs. 1(a) and 1(b), respectively. Note that such spin splitting in the band structure occurs even for the spinless ETQs in Eqs. (2) and (3) in the presence of the spin-orbit coupling. In addition, the ETQs give rise to intriguing responses to external stimuli. One is the MC effect, in which a uniform magnetization M i is induced by an electric current J j (i, j = x, y, z) as [61, 70] 
where the MC tensor α ij is the rank-2 axial tensor of timereversal even. The form of α ij is related with active odd-parity multipoles with rank 0-2 (G 0 ⊕ Q 1m ⊕ G 2m ) [61] ; the rank-0, 1, and 2 multipoles have the isotropic, antisymmetric, and symmetric traceless components, respectively. Thus, α ij in the phase II becomes symmetric and traceless corresponding to G v : α xx = −α yy ∝ G v . Meanwhile, α ij in the phase III has two nonzero symmetric components reflecting G 0 and
The results are summarized in Table II . Another interesting response is the NRT. As a nonreciprocal current is proportional to the second order of an electric field, the NRT needs the breaking of time-reversal symmetry by an external magnetic field as
where the NRT tensor σ ijkl is the rank-4 axial tensor; E j and H l are electric and magnetic fields, respectively. From symmetry arguments, the form of the NRT tensor is related with the multipoles with rank 0-4 (2G 0 ⊕3Q 1m ⊕4G 2m ⊕2Q 3m ⊕ G 4m ) [61] . Consequently, σ ijkl has independent seven (eight) components in the phase II (III), as shown in Table II . We note that higher-order ET hexadecapoles also become active: G 4v in the phase II, and G 4 and G 4u in the phase III. It is also interesting to point out that a lattice distortion is induced by an electric current in an applied magnetic field as ζ ij = d ijkl J k H l where d ijkl represents a strain tensor [61, 70] . This is easily understood by noting that E j E k in Eq. (17) and ζ ij show the same transformation under the space-time inversion. Thus, the tensor d ijkl has similar nonzero components as σ ijkl in Eq. (17) .
Conclusion.-We theoretically showed that the odd-parity ETQs with different components of x 2 − y 2 and 3z 2 − r 2 are the candidates of the primary order parameters in the phases II and III, respectively, in the spin-orbit coupled metal Cd 2 Re 2 O 7 . We clarified that electronic instabilities toward spontaneous bond or spin-current ordering on Re-Re bonds induce the ETQ orders. We also discussed how to identify the ETQs by exemplifying their characteristic phenomena, such as spin-split Fermi surfaces, MC effect, and NRT in an applied magnetic field. Our ETQ scenario will give an insight into the origin of the enigmatic phase transitions in Cd 2 Re 2 O 7 . Furthermore, our microscopic classifications of multipoles are widely applicable to other spontaneously parity-breaking systems. The authors thank Z. Hiroi, J. Yamaura, S. Uji, D. Hirai, and H. Hirose for the fruitful discussions on experimental information in Cd 2 Re 2 O 7 . This research was supported by JSPS KAKENHI Grants Numbers JP15H05885, JP18H04296 (JPhysics), and JP18K13488.
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Microscopic expressions of electric toroidal quadrupoles
We present a derivation of the microscopic expressions of ETQs in Eqs. (2), (3), (8)- (13) in the main text. First, we consider multipole degrees of freedom on a unit of tetrahedron. The irreducible representation of molecular orbitals under the T d group is given by A 1 ⊕ T 2 . Then, the basis wave functions are expressed as
where ψ i is the s-wave-like atomic wave function at site i =A-D [see Fig. 1 (a) in the main text]. For these basis functions, there are sixteen electronic degrees of freedom, which are decomposed by the irreducible representation of the symmetry of a unit of tetrahedron, T d , as
As the molecular orbitals ψ A1 and ψ T2 = (ψ T2,x , ψ T2,y , ψ T2,z ) have the same symmetry properties as the atomic orbitals s and (p x , p y , p z ), respectively, these electronic degrees of freedom are represented by sixteen independent multipoles in an s-p hybridized system [60] : two electric monopolesQ 
zx ,Q
xy ) belonging to T 
where we take appropriate normalizations to simplify the following expressions. Note that (Q x ,Q y ,Q z ) in Eq. (24) and (T x ,T y ,T z ) in Eq. (28) are the odd-parity multipoles. In the following calculations for the centrosymmetric pyrochlore structure (point group O h ) consisting of upward and downward tetrahedra, these odd-parity multipoles are replaced by the even-parity multipoles in the same irreducible representation as (Q x ,Q y ,Q z ) → (Q (2) yz ,Q (2) zx ,Q (2) xy ) and (T x ,T y ,T z ) → (T yz ,T zx ,T xy ). By a unitary transformation, the multipole degrees of freedom for a unit of tetrahedron in the pyrochlore structure in the basis (ψ A , ψ B , ψ C , ψ D ) can be expressed as 
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